An SL-invariant extension of the concurrence to higher local Hilbert-space dimension is due to its relation with the determinant of the matrix of a d × d two qudits state, which is the only SLinvariant of polynomial degree d. This determinant is written in terms of antilinear expectation values of the local SL(d) operators. We use the permutation invariance of the comb-condition for creating further local antilinear operators which are orthogonal to the original operator. It means that the symmetric group acts transitively on the space of combs of a given order. This extends the mechanism for writing SL(2)-invariants for qubits to qudits. I outline the method, that in principle works for arbitrary dimension d, explicitly for spin 1, and spin 3/2. There is an odd-even discrepancy: whereas for half odd integer spin a situation similar to that observed for qubits is found, for integer spin the outcome is an asymmetric invariant of polynomial degree 2d.
I. INTRODUCTION
Since the development of quantum information theory, the importance of entanglement as a resource in physics has become clearer, and its quantification is hence an outstanding task. The minimal requirement for an entanglement measure is the symmetry under local SU operations [1] and a lot of theoretical work has been devoted to its invariance group [2] [3] [4] [5] [6] [7] . However, this group must be enlarged to the complexification of SU , the SL, which then encompasses the Stochastic Local Operations and Classical Communication (SLOCC). The general linear GL group of general local operations admits in its closure also projective measurements. The invariance group of SL(2) has been explored in the mathematics and physics literature [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . It has several nice properties, such as it leads automatically to entanglement monotones, it automatically contains the entangled states it measures [24] , and it determines a relation between the polynomial degree of an invariant that can possibly detect the state [23] [24] [25] . Furthermore, first results for the SL(2) concerning optimal decompositions and entanglement of mixed states are also known [26] [27] [28] [29] [30] [31] [32] [33] such that we are close to a breakthrough towards measuring the invariants of SL (2) experimentally. This astonishingly powerful tool of SL-invariance still awaits its extension on the local operator level to general spin, though formally it is known (see for example [20] ).
Here, I will generalize the theory of local antilinear operators presented in [21, 22] to higher spins 1 and 3/2 [37] . The paper is laid out as follows. In Section II, I review the idea of combs for qubits, and devote the next Section III to elaborate the combs for spin 1, and 3/2. The conclusions and an outlook are given in Section IV.
II. THE CONCEPT OF LOCAL ANTI-LINEAR OPERATORS
The fundamental concept that represents the basis for the construction method of SL(2)-invariant operators, is that of a comb. It is a local antilinear operator A with zero expectation value for all states of the local Hilbert space H i [21, 24] . Here, I give a brief summary of this formalism. A condition for an operator to be a comb is hence
where C is the complex conjugation in the computational basis
In order to possibly vanish for every local state, the operator necessarily has to be antilinear (a linear operator with the above property is identically zero). The problem is, to identify a comb that is regular on the space it acts on, and with equal modulus of the corresponding eigenvalues due to the invariance property [24] . We will call such an antilinear operator A (1) : h → h to be of order 1, where h is the local Hilbert space. The expectation value of A (1) is a homogeneous polynomial of lowest possible degree 2.
In general we will call a (local) antilinear operator A (n) : h ⊗n → h ⊗n to be of order n; its expectation value is a homogeneous polynomial of degree 2n in the coefficients of the state |ψ . It is worthwhile noticing that the n-fold tensor product h ⊗n , a comb of order n acts on, is made of n-fold copies of one single qubit (or qudit) state. In order to distinguish this merely technical introduction of a tensor product of copies of states from the physically motivated tensor product of different qubits we will denote the first tensor product of copies with the symbol •, and hence write A (n) : h •n → h •n . I will make sometimes use of the abbreviation
and will use the term comb also for the corresponding linear operator to a comb. The conditions we are searching for, can then be written as
Before we go to higher spin, we restrict our focus on multipartite states of qubits or spins 1/2. There, the local Hilbert space is two-dimensional H i = C 2 =: h for all i. We will need the Pauli matrices
and highlight that any tensor product f ({σ µ }) := σ µ1 ⊗ · · · ⊗ σ µn with an odd number N y of σ y is a comb. In particular, L
1/2 := σ y is the unique comb of order 1. Throughout the work the Einstein sum convention is used. The unique comb of order 2, which is orthogonal with respect to the Hilbert-Schmidt scalar product to the trivial one σ y • σ y , is then
Finally, the comb of third order is
where
This comb completes the set of local invariant operators for spin 1/2 in that it closes the algebra of antilinear operators [23] .
Filter invariants for n qubits are then obtained as antilinear expectation values of filter operators; the latter are constructed from combs as to have vanishing expectation value for arbitrary product states (hence, they are zero for any bipartite state). We will use the word filter for both the filter operator and its filter invariant. Filters for qubits have been constructed in [21] [22] [23] 26] .
III. LOCAL ANTILINEAR OPERATORS FOR HIGHER SPIN
An elementary polynomial SL-invariant is the determinant for two qudits (see [34] for spin 1)
Its polynomial degree is 2S + 1 and so the lowest polynomial degree we can expect for an invariant operator to exist, is 2S + 1 for spin S. Because any expectation value of every operator leads to an even degree in the wave function, there are two cases to distinguish. First, the case of even dimension of the local Hilbert space, where the determinant could be expressible in terms of local invariant operators, as is the case for each odd half-integer spin as e.g. qubits.
Second, there is the case of odd dimension of the local Hilbert space, which is given for each integer spin. The first occurrence of this latter scenario is for spin 1, which we will discuss next.
A. The case of Spin 1
Spin 1 is the first example for an odd dimension of the local Hilbert space. The invariance group for this case is the SL(3). The Gell-Mann matrices are generators on the algebra level
including the identity matrix λ 0 . The SL-invariant of lowest polynomial degree is the determinant [34, 35] , which is of degree 3. In order to obtain an even polynomial degree, we take its square, which is of degree 6, and therefore is achievable as an expectation value of some local invariant operator. The invariant operator we obtain is therefore a comb of order 3, and is given as follows
It is worth noticing that the operators λ i for i = 2, 5, 7 are precisely the matrices σ
, and σ
, respectively. Hence, they are combs of order 1 that however transform to a non-trivial orbit under SL(3) operations [24] . The square of the determinant
is obtained by
Since the procedure to obtain higher order combs is not described in detail in [23] , it is worth to make some remarks here. We consider the comb property of order n
This condition surely does not depend on how we reorder the local states |ψ on either side. Therefore, it is invariant under the full symmetric group, S n , which means that also
for Π, Π ′ ∈ S n . This means that if A (n) is a comb of order n (satisfying hence the property (18)), also the operator Π ′ A (n) Π satisfies the comb relation (Eq. (19)). It therefore is a comb of order n as well. In what follows, we introduce the symbol •, which is used in the same way as • for highlighting the different nature of tensor products in the sequel. It symbolizes tensor products of the same local state, but where the permutation operator acts on.
In order to give a simple example, we look at the comb of first order for qubits, σ y . The corresponding comb of second order is σ y • σ y , and hence another comb of the same order 2 is (σ y • σ y )
as reported in [23] . Next, the procedure is to render both operators orthogonal in the trace norm and we have an orthogonal comb of order 2. This is a straight forward method for constructing combs of any order for d-dimensional qudits. I will apply this line of thought to spin 1.
The 2nd comb of order six will emerge from a multiplication of the trivial comb
with the permutation operator
as L
We at first have to determine the nine operators Q il = (τ i • τ l )IP 3 , which are obtained in the following form
It is to be mentioned that O jk = O T kj , where T means the transposition. This is due to the relation
• σ µ;(i,j) with g µ = (−1, 1, 0, 1), resembling the situation of the two-dimensional Hilbert space for spin 1/2.
Using this, we have to consider
as a comb of order 6. This operator, however, still fails to be orthogonal to the original operator L
1 ) such that both operators are orthogonal. I want to remind a fact that is also crucial here: as soon as operators as σ (ij) y occur an odd number of times, its corresponding antilinear expectation value ((f (σ (ij) µ ))) will vanish (see for example [21] ). Therefore, the operator L 1 , we are in the position to write down SL-invariant entanglement measures for an arbitrary number of distinguishable particles of spin 1. The advantage of taking the two orthogonal operators is the better control on the zeros of corresponding filter invariants (see e.g. [22] for spin 1/2).
The square of the determinant [34, 35] , which leads to a degree 6 analogue of the concurrence for qutrits has been mentioned already. An analogue of the three-tangle for three qutrits is consequently expressed by
It is a three-qutrit filter. I have not checked for invariant operators existing besides this (see Ref. 23 for qubits). It is possible that one will even have to look for degree 6, where the permutations are set in a distinct way. This will be left for future work.
B. The case of Spin 3/2
The next higher case of half integer spin is spin-3/2, corresponding to an even dimension of the local Hilbert space, which is 4. Here, it is sufficient to prepare the determinant itself with expectation values of antilinear operators. The underlying group is SL(4), whose generators, including the identity matrix, read 
The comb of lowest order 2 is
where we defined
It reproduces the determinant of two qudit states of spin-3/2 in the following way 1 24
Please notice that the operators τ i correspond to λ 2i which are the σ (k,l) y acting on the subspaces k and l, where (k, l) takes the values (1, 2), (1, 3), (1, 4) , (2, 3) , (2, 4) and (3, 4) of the four-dimensional local space.
The second comb is of order 4 (hence, it is related to polynomial degree 8), and is obtained by means of the permutation operator
in the following way
Therefore, the operators O ij = (τ i •τ j )IP 4 are relevant, which are presented in the appendix. Again, we find O jk = O T kj . Also here it is striking that, similar to the previous case, the operators O jk have only four contributions, corresponding to four entries (two with +1, and two with -1). The comb of order 4 is hence
This operator is again not orthogonal to the trivial one, L
3/2 = 9 we obtain the orthogonal operator L (4) 
SL-invariants for spin 3/2. However, as for the spin-1 case, using the operator L
3/2 an analogue of the three-tangle for spin-3/2 can be expressed as
The existence of further combs of higher order will be left for future work.
IV. CONCLUSION
I have outlined a path towards the generalization of entanglement measures along the line pursued in [10, 22, 26] to systems with higher local dimensions i.e. for higher spin S. Therefore, the theory of local SL-invariant operators [21] has been considered and developed further. A comb, written in terms of expectation values, has an even polynomial degree. The lowest possible such degree would be 2S + 1, due to the determinant of a (2S + 1) × (2S + 1) matrix. This lowest possible degree however can only be realized for an even dimension, hence for S = m/2 for odd m. In case of an odd dimension 2S + 1, i.e. for integer spin S, the lowest dimension is therefore doubled as 4S + 2. In order to have more than a single SL-invariant, we need at least one more and linearly independent local antilinear operator which is possibly (but not necessarily) orthogonal to the comb of lowest order or (multiple) tensor products of it. Two operators are sufficient for being able to construct measures for genuine multipartite entanglement which are related to an entanglement monotone [21] [22] [23] 36] . Therefore, it is crucial to observe that the comb condition for a local SL-invariant operator is invariant with respect to the symmetric group (a fact which has been observed and used excessively already in [23] ). The symmetric group hence acts transitively on the space of combs of a certain order. Using this method, I give expressions for two local and orthogonal SL-invariant operators for each spin, 1 and 3/2, corresponding to odd and even dimensions of the local Hilbert space, respectively. I give explicit formulae for analogues to the concurrence and the three-tangle for qubits. Open questions remain. One of the next tasks would be to find out how this formalism is generalized to arbitrary dimension as a straight forward generalization of the formulae given in the text do not lead to an answer. This has to be left for future work. Also the question of how a complete set of local SL-invariant operators is obtained, has to be analyzed later on. entries (two with +1, and two with -1).
(A2)
(A7)
(A9) . This is again resembling the situation of the two-dimensional Hilbert space for spin 1/2.
